A unitary {Fock-Tani) transformation of the second-quantized Hamiltonian breaks the interaction into its component parts, e.g. , elastic scattering, inelastic scattering, rearrangement interaction, etc. The interaction for a particular process is "weaker" than the overall interaction; this is reflected in certain orthogonality corrections which appear in a perturbation expansion of the T-matrix element. As a result, the internuclear potential makes a negligible contribution of order m, /m~t o the firstorder amplitude for charge transfer. We find very good agreement with experimental and the best available theoretical results for the total cross section for the reaction p+H(ls)~H{1s)+p for energies greater than 10 keV and for the differential cross section at 25, 60, and 125 keV in an angular range of -1 mrad about the forward direction.
I. INTRODUCTION
Atomic physics provides the ideal setting for testing new approaches to the quantum-mechanical scattering problem mainly because the interaction potential is known but also because of the variety and richness of phenomena open to investigation. This paper is part of a broader program to investigate the suitability of one such approach based on unitary (Fock-Tani) transformation of the second-quantized Hamiltonian.
The motivation for this transformation is discussed and its basic features illustrated for the simple case of potential scattering in Sec. II; the mathematical details relevant to present application are given in Sec. III and the complete result is enumerated in Appendix A. Here we merely note the final result that the interaction is broken into its component parts, e. g., elastic scattering, inelastic scattering, rearrangement in™ teraction, etc. This gives one considerably more latitude in introducing physically motivated approximations, for example, in a Born series expansion of the scattering amplitude. The effective interaction for a particular process is, in a sense, "weaker" than the overall interaction which is the sum of all interactions. It is found that to each order in the perturbation, certain orthogonality corrections to the usual (Fock) scattering amplitude appear. In this paper we restrict ourselves to a first-order (Born-type) approximation, in which case the orthogonality correction becomes negligible at high energies. We therefore expect the Fock-Tani formalism to extend the range of validity of the first-order approximation to lower energies. This formalism has been applied previously to the calculation of the scattering amplitude for positronium formation' and for positron-hydrogen elastic scattering in collisions of positrons with hydrogen atoms. The numerical results of the second of these papers clearly demonstrate the superiority of the Fock-Tani representation over close-coupling representations in some cases where channel coupling plays an important role. In this paper we consider the closely related problem of resonant charge transfer, p +H( ls)~H( ls)+p, with the understanding that at collision energies under consideration (relative velocities of order 1 a.u. ) protonproton exchange plays no role. This problem, in spite of a long history of quantum-mechanical analysis going back to the early days of quantum mechanics, i is still under vigorous investigation as indicated by a recent review articles and numerous other publications. An early difficulty was caused by the Coulomb repulsion of the nuclei. This was neglected by Oppenheimer and Brinkman and Kramers on physical grounds but the resulting cross sections were too large by a factor of 3 or 4. Its inclusion in a mathematically consistent first-order theory ' brought the total cross section in line with experiment but clashed with the physical argument that the internuclear potential cannot significantly affect the cross section for charge transfer. In Sec. IV we show that in the Fock-Tani formalism, as a consequence of the orthogonality correction, the Coulomb interaction of the nuclei contributes a negligible term of order m, /mz to the first-order reaction amplitude, a result pleasingly consistent with an observation about the exact scattering amplitude originally made by Wick (see footnote in Ref. 6) .
The first-oi;der orthogonality correction is reduced to a numerically tractable form in Sec. V, and computed differential and total cross sections are compared with experiment and the best available theoretical results (two-state atomic expansion introduced by Bates ) in Sec. VI. In Sec. VII we summarize our results and outline possible future extension of this work.
II. POCK-TANI TRANSFORMATION

FOR POTENTIAL SCATTERING
The basic idea behind Fock-Tani transformation and its consequence for scattering are best explained for scattering of a single particle from a fixed potential V(r) which is sufficiently strong to support a number of bound states [a(r),a(r'))=[a t(r), a t(r')]=0 (2.2a) [a(r),a (r')]=5(rr') . (2.2b) If the wave functions {g&(r), p, =1,2, . . . } of the bound states are known, one may introduce "bound-state" creation and annihilation operators g"= f dr/"(r)a t(r) (2.3a) This formulation was first considered by Tani but the following summary is closer in its mathematical detail to the generalization due to Girardeau. ' We begin with the second-quantized form of the Hamiltonian (Fock Hamiltonian) HF f -dra (r)[T(r)+ V(r)]a(r), (2.1) where T(r) is the kinetic-energy operator and a (r) and a (r) are "elementary*' creation and annihilation operators defined in the Fock space P. These satisfy canonical
is quite obviously isomorphic to the Fock space W. Any calculations in W may as well be done in A z. %e wi11, however, make a unitary transformation which will give the physical meaning of the real states g"~0 ) to the ideal states b"~0). This transformation will carry the subspace A FCA to the Fock-Tani subspace A FICE in which all calculation with the transformed Hamiltonian should be done. This transformation, schematically indicated in Fig. 1 r) fi"= f dry"'Ir)afric.
(2.3b) r r'atr "r "*r'a r' (2.9) Note that the commutation relations of these operators with a(r) and a (r) are not always simple. In particular, [a(r), P"] =Pq(r) This complicates the mathematical analysis whenever one has to make explicit the existence of bound states of the system. It is therefore desirable to introduce operators which can be associated with the bound states and which satisfy canonical commutation relations instead of (2.4). With this in mind, we introduce an "ideal-state" space 8t in which creation and annihilation operators [ b &, b ", @=1, 2, . . . I are defined. These are further assumed to satisfy the following commutation relations: From (2.10) it is clear that the role of b"and P& is interchanged. In fact, a weaker condition [which holds in the general case of scattering from targets with internal structure even when (2.10) does not] $~~0 ) +b~(0),i.e. , a real state f"~0 ) is transformed into an ideal state b"~0 ), is sufficient proof that the transformation gives physical meaning to the ideal states. The subsidiary condition (2.7) transforms to gf "Q"~X)=0 iff~X)EA~.
(2.11) Equation (2.9) may be viewed as a formal expression of the following operator identity: H= g @~PE+(1 P)H-(1 P), - In the case of realistic scattering or reaction problems where the bound states are composites (atoms, molecules, etc.), the one-particle Fock-Tani representation outlined above can be straightforwardly generalized" and leads naturally to a separation of the Hamiltonian into portions representing physically distinct processes (elastic scattering, inelastic scattering, various rearrangement processes). Such a second-quantization representation also has other advantages over separation based on projection operators, in that powerful field-theoretic techniques previously found useful in electron scattering from atoms'2 now become applicable to reactive scattering. A review of the field-theoretic formulation of three-particle reactive scattering in terms of the Fock-Tani representation has been given recently by Ficocelli Varracchio. ' Normally, imposition of the subsidiary condition (2.11) would make the solution of any practical problem difficu- It is orthogonal to all bound states by virtue of their finite spatial range, and the subsidiary condition (2.11) is satisfied in the limit r~-oo. Now, since g"f&P& commutes with the Hamiltonian A~(this is easily seen for the corresponding operators g"b "b"and H~before the transformation), Eq. (2.11) is satisfied at all times and may be ignored altogether. This essential simplification is then justified for the time-independent view of scattering in the usual manner.
The Hamiltonian in (2.9) can be divided as usual into an unperturbed part Ho [one possibility is Ho g"e&b&bz + Jdra --(r)T(r)a(r)] and a perturba-tion V and the full scattering function~g '+-') may be expanded in powers of V. Since a truncated expansioñ g', -') is defmed in terms of the creation operator & (r) only, it is orthogonal to all bound states I b "~0 ), p = 1,2, . . . I. This is quite unlike the perturbation expansion in the Fock space where an approximate scattering function is not orthogonal to the bound states and this lack of orthogonality introduces an error in the scattering amplitude which is tolerably small at sufficiently high energies only, Forcing appropriate orthogonality on the approximate scattering states~X , 'z~') leads to orthogonality corrections to the Fock-space scattering amplitudemathematically these arise from the last term in (2.9)which serve to extend the range of validity of the perturbation approximation to lower energies. In fact, our approach can be regarded as a generalization of Weinberg's "quasiparticle method"' to which it is closely related both in concept and in the form of orthogonalization corrections. Weinberg showed, within the context of oneparticle scattering from a potential supporting bound states, that such orthogonalization greatly improves the convergence of the Born expansion. We expect a similar benefit in the case of the composite-particle generalization employed here.
An important proviso must be added to the remarks of previous paragraphs. We are justified in ignoring the subsidiary condition (2.11) only as long as we calculate the exact scattering state~X '+-'). The approximate statẽ X, '~~) does not Ue entirely in the Fock-Tani subspace A~but contains an admixture of states outside A~. Thus, truncation of the perturbation expansion for~X '+-') in the Pock-Tani space introduces an error in the scattering amplitude analogous to the error in the truncated Fock-space amplitude. It is not possible to make any definite general statement about the relative magnitudes of these errors. However, such numerical evidence as is already available indicates that this representation can yield rather accurate results for rearrangement processes even in first order. We take this as adequate justification for use of this approach herein. Additional a posteriori evidence is supplied by the accuracy of our calculated cross sections.
III. FOCK-TANI TRANSFORMATION
FOR REARRANGEMENT COLLISIONS:
A similar transformation was previously considered by Girardeau' for scattering of positrons from hydrogen atoms. In that case the transformation was somewhat simplified because the nuclear coordinate was frozen by virtue of the (supposedly) infinite mass of the nucleus. In the more general case of charge transfer, one inay still eliminate a coordinate from consideration; the center-ofmass coordinate is the most convenient choice. %e therefore introduce elementary annihilation and creation operators Ia;(r;), a;(r;), i = 1,2, 3] for the particles 1, 2, and 3.
These are assumed to be distinguishable so that we may require a;(r;), a J(rj), etc. to satisfy boson commutation relations.
Assuming pairwise interaction, the Pock Hamiltonian is POCK-TANI TRANSFORIAATION AND A FIRST-ORDER. . . The transformed Hamiltonian is rather lengthy to write and we have relegated the complete expression to Appendix A. Parts of the Hamiltonian relevant to this paper are the zeroth-order Hamiltonian 3 Ho= g e"(b")b"+ g f dr;a;(r;)T, (r;)a;(r;) a,p, where the subscript 4 is to be regarded as 1.
The interactions V12 and V23 are assumed sufficiently strong to support a number of bound states. In analogy with Eq. (2.3) we introduce the following bound-state creation operators:
(i((")t=(2')~f dr;drj ((t"(r~) xexp(ik, R )a;(r;)aj(rj),
The Fock-Tani transformation is now made by successive application of the transformations generated by U" ' and U' ', but unlike (2.9) there are now two possibilities. Alternative transformations, a= (ij -) =(12) or (23) . (3.2) In our notation, the superscript a=(ij ) labels the pair of particles, r and R are the relative and center-of-mass coordinates of the pair, and p~i s a collective label for the internal state )(T~and the center-of-mass momentum k~. Annihilation operators are defined by Hermitian conjugation of (3.2}. The commutation relations of these operators are obtained from the commutation relations for the elementary operators a;{r;),a&(r&), etc. We next introduce "ideal-state" operators b "and (b ") for a= (12) and (23) and define the following unitary operators in analogy with Eq. (2.8):
(3.5a) and the rearrangement interaction
where the interaction (p, )2r3 l V l p23r)) is given in (A5) and H.c. denotes Hermitian conjugation. The first-order approximation to the T matrix is then given by the matrix element of V", "between appropriate eigenstates of Ho.
IV. FIRST-ORDER T-MATRIX ELEMENT FOR REARRANGEMENT
Xa 1(ri)(b"", ", ) l0}
(4.la)
We will use three alternative sets of coordinates, shown in Fig. 2 : (i) ri, r2, and r3, which are coordinates of the particles 1, 2, and 3, respectively, in a fixed coordinate system; (ii) R (center-of-mass coordinate}, r3~[ vector from particle 3 to the center of mass of {1, 2)], and r12 [relative coordinate of (1,2)]; and (iii} R,r~, [vector from the center of mass of (2,3} to particle 1] and r23 [relative coordinate of (2,3}].
The initial and final-state wave functions l f;) =(2n)~f dr')exp (ik, r', ) and ( U (23)) -1( U (12)) -1H U (12)U (23) FT1 F ( U (12) ) -1( U (23)) -IH U (23) U (12) FT2 F (3.4a) and (3.4b)
are not identical because [U" ', U' )]+0. In this paper we work with (3.4a) because for the reaction under consideration, 1+ (23)~(12)+3, the corresponding firstorder amplitude is easily interpreted; it is a sum of the first-order Fock amplitude and an orthogonality correction, much as in the case of potential scattering. The zeroth-order wave functions for all possible initial and final states are now orthogonal, thus satisfying the same orthogonality relation as the exact scattering states. The firstand higher-order wave functions are, however, not exactly orthogonal due to the possibility of rearrangement, but exact orthogonality is restored at infinite order. We leave the investigation of the implication of this for future work when we shall extend our analysis to higher perturbative corrections. We note here only that the orthogonality obtaining in first order in our approach is a distinct improvement over approaches in which such orthogonali-FIG. 2. Alternative coordinates for the three-particle system.
The vector from the origin (not shown in the figure) to a specified point is indicated in parentheses beside the point in question. Thus, rl is the vector from the origin to particle 1, etc. are eigenfunctions of Ho and represent plane waves of a impinging on bound states of a. We recall that the label p includes the internal state IT of the pair aI and its ct 1 center-of-mass momentum k".
The first-order T-matrix element is given quite simply TIII~23 = & 4f I~rearr I Wi & =(2m) f dr d3r, e g"', '(r2, r3) =(2m. ) exp(ik"R23)g"' '(r23) .
(4.4b)
In this equation k& and k"are the center-of-mass momenta of the pairs a2 --(23) and ai --(12), respectively. As a first step in factoring the overall center-of-mass momentum, we replace the momenta ki and k"by k; [relative momentum of particle 1 and pair (23)] and the overall center-of-mass momentum K;,
In substituting (A5) into (4.2) we note that g'"'"'(r"r2)=(2m) exp(ik"R, 2)1I('"' '(r12) (4.4a) and splits into a sum of two terms arising from the [5(rir'1)5(r2 -r2)b, ' (ri, r2, ri, r2)] factor in the definition of (iM12r3~V~p23r, ) [see Eq. (A5)]. It will emerge later that the first term gives the Jackson-Schiff-Bates
Dalgarno (JSBD) approximation to the T matrix and the so:ond term represents orthogonality corrections characteristic of the present formalism. Thus where m; denotes the mass of the ith particle. Similarly, the pair (ki, k") is replaced by (k&, Ky) with obvious physical significance.
The first term T"", which is written as an integral over ri, r2, and r3, can be simplified by switching to (R,ri, r12) is just the matrix element considered by Jackson and Schiff and Bates and Dalgarno. In Eq. (4.6) we have written coordinates r13, r23, and r~1 explicitly in terms of integration variables r3(g and r12 by referring to Fig. 2 .
From Eq. (4.2), the second term T'"", '", is given as an integral over the coordinates r"r2, r3, ri, and r2. The first step in its simplification is to replace (r, , r2) by the relative and center-of-mass coordinates (r, 2, R,2) for the pair (12) is then seen to contain a 5 function and integration over R,2 is iminediate. We then revert to (r'"r2) before introducing new coordinates (R', r3, r'12) instead of (r'i, r2, r3) in analogy with (R,r3, r12) in Fig. 2 . Integration over R' then yields a 5 function in initial and final center-of-mass momenta K; and K&. The final form of the orthogonality correction is (4.8a)
represents internuclear interaction and it is very nearly canceled by the first term in (4.7). To see this, note that to a very good approximation we can replace In this expression A, ranges over all bound states of the pair (12) and all coordinates have been written in terms of integration variables with reference to Fig. 2 .
The orthogonality correction can be interpreted in two alternative ways. It arises from a potential, say V","", which must be subtracted from the overall potential to give the rearrangement part of the interaction, V"", .
V",""consists of a sum of terms, each associated with a bound state of (12). The A. =v term, i.e. , when the intermediate state is the same as the final bound state of the composite (12), is just the static interaction in the final channel. Remaining terms, arising from other intermediate states,~i ve nonlocal contributions to V","". Alternatively, T"'~can be regarded as correcting for the lack of orthogonality between the initial state and all possible final states, the A, =v term corresponding to the particular final state in question.
In the special case of charge transfer, particles 1 and 3 are nuclei and particle 2 is an electron. Then mz &&m i, m3 and m~-m3. %e note that it is a good approximation to neglect all terms of order m, /mz unless they are multiplied by a nuclear momentum k which may be large.
T""~"also consists of two terms. The second term in Eq. (4.7) and also make a corresponding approximation in (4.6). Integration over r'iz in the first term of (4.7) then gives 5»"and only the A, = v term makes a nonzero contribution in the sum over A, . Substituting (4.8a) and (4.8b) for qi and I, respectively, in the resulting expression, a simple rearrangement of terms and comparison with the first term in (4.6) shows that the two cancel. In making the approximation (4.9}, we incur a small error of order mz/(mi+mz)-m, /m~s o that the cancellation is not exact but nearly so. In light of the observation made by Wick (quoted in a footnote in Ref. 6) that the internuclear potential makes a negligible contribution of order m, /mz to the exact reaction amplitude, our result for the corresponding first-order amplitude is very satisfying. In subsequent analysis, we therefore completely disregard nuclear repulsion.
The role of internuclear potential in charge transfer has received much attention and it has been long known that one must correct for the lack of orthogonality between the initial and final states. In a particularly relevant paper, Bassel and Gerguoy' achieved this limited objective by subtracting the static interaction in the final channel from the total interaction in the post form of the transition matrix element. In light of our comments following Eq. (4.8), this is a special case of our result which we have obtained starting from a much more general objective of considering scattering in the presence of bound states.
V. EVALUATION OF THE T MATRIX
It follows from the discussion of Sec. IV that to a very good approximation the T-matrix element is given by Equations (5.2a} and (5.2b) for T""~a nd T'"",~" are obtained from Eqs. (4.6) and (4.7) for T", and T'"""~", respectively, by dropping the internuclear potential. We have also suppressed the 5 function denoting conservation of overall center-of-mass momentum.
T"~i s easily evaluated by reverting to independent "&2~23 variables riz and ri2. We quote the final result from Appendix I of Jackson and Schiff after transcribing it into our notation.
It is first necessary to define another momentum-transfer vector where e-" is the binding energy of the pair (12}in the internal state v and 4 (qi) and 4"(qz) are momentum-space wave functions.
In order to evaluate the orthogonality correction, we first rewrite the coordinate-space In the following discussion we assume without loss of generality that the vector qz lies along the z axis and k; and kf lie in the x-z plane (Fig. 3} . For specific final state v and intermediate state k, the integral
which appears in (5.6) can be evaluated analytically. (Particular results for the ls final state and ls, 2s, and 2p intermediate states are given in Appendix B.) Moreover, for a spherically symmetric final state (i.e., l"=0), it factors into a spherical harmonic and a part depending on~p + qz~o nly: 1,«p+qz4 =o=r-. « I p+qz I )I, =OI'i"~,«, +q2) (5.8)
We can then sum over rnid"on the right-hand side of (5.6)the sum over A, is really a triple sum over ni", li, and miand use the addition theorem for spherical harmonics to obtain 24+1 p (p+q2) g I'i;m, «p) I'i, m «i+q ) = (5 9)
Note that with the assumption that qz lies along the z axis, the argument of the Legendre polynomial depends on p and 8& but does not depend on the azimuthal angle Pz.
The only Pz dependence of the integrand in (5.6) comes from the initial-state wave function 4-((m&+mz/m, ) X(p+ m k;)). For a spherically symmetric state (I& --0) it is contained in the p k; term in the argument; moreover, for the 1s initial state, integration over Pz can be done analytically (see Appendix B}.
These manipulations reduce the orthogonality correction to its final form which is used for numerical calculation: (5.10) . This a very good approximation at all energies for which we present differential cross section (25, 60, ad 125 keV) in Fig. 4 but is somewhat suspect at the lower end of the energy scale (E & 10 keV) of Fig. 5 where we
IO '-present the total cross section. However, the error is estimated to be no more than 20%%uo, and at these low energies, a first-order approximation is inadequate anyway. We compare our calculated differential cross section with the experimental results (Martin et al. ' ) in Fig. 4 and also with the two-state atomic expansion (TSAE} results quoted by Martin et al. The TSAE approximation was picked out of a number of theoretical results because it seems to give the best fit to differential and total cross sections over a large range of angles and energies. It is satisfying to see that our calculation agrees very well with the TSAE and experimental results over angular range of 1 mrad about the forward direction and over a comparable range at 60 and 125 keV also. The discrepancy at larger angles is no doubt due to the neglect of higherorder corrections and we expect much of it to disappear upon the inclusion of second-order correction. In fact, even the minima in the first-order differential cross section at the energies we have considered are spurious. ' We also compare the Fock-Tani total cross section with the experimental results of McClure' and the TSAE calculation of McCarroll in Fig. 5 . Once again we find that our calculation agrees very well with both these re™ suits for E~10 keV; in fact, for E~60 keV, our results are identical with those of McCarroll. The discrepancy at low energies is to be expected of a first-order approximation. In the same figure, we also show the Fock-Tani total cross section for d+H( ls)~D(ls}+p.
We close our discussion of the numerical results by remarking that the two-state atomic expansion was introduced by Bates with the express purpose of correcting for the lack of orthogonality of the initialand final-state wave functions. This, along with other orthogonality corrections, is contained in the Fock-Tani approximation, too. Close agreement between the results of these approximations is, then, just as it should be. with the physical result that the internuclear potential cannot significantly affect the passage of a light, charged particle from one nucleus to another. We have computed differential and total cross sections over a range of angles and energies and compared our results with experiment and with the best available theoretical results based on a two-state atomic expansion. Except at angles larger than 1 mrad and energies less than 10 keV, we find very good agreement. The discrepancy is attributed to the omission of secondand higher-order perturbative effects. The agreement with TSAE results is a reflection of the fact that this method also corrects for the lack of orthogonality of the zeroth-order initial and final states in Fock representation. The agreement with experiment underlines the importance of proper orthogonality of approximate scattering states, a fact recognized long back by Bates.
VII. SUMMARY AND CONCLUSION
An obvious extension of the present work is to include I second-order corrections and thus attempt to remove the remaining discrepancy between our results and the experiment. Such an extension is currently being investigated.
We are also contemplating application of Fock-Tani formalism to other problems of atomic scattering, particularly ionization of the hydrogen atom by electron impact. X~a"(rl rz rl rz)4 "(rz r3} + f dIzdI3dIzdI 1 dI2 [QADI (Iz I3)] *5" '(rl, rz, ri', rz') X [ V13(ri', r3)+ V23(rz', r3)]b, " '(r, ", rz', rl, rz)g"'"' (rz, r3) .
(c) Formation and breakup of bound states. In this case also the interaction is different for pairs (12) g f «2[4, ", I'(r»r'3)]'[V 13(rl r3)+ V23(rz, r3}+ V» (ri, r'3}+ V23(rz, r3)+e. ",I']~I ", (r»rz, r'1 rz) 12 r2 r~' r2' "'"' r2, r3 5" ' r&, r2, r~', r2' V/3 j. ) r3 +V23 f2 f3 5" ' r&', r2', r&, rz
(d) Rearrangement interaction
The inte. raction for breakup of (23) and formation of (12) is given by &P lzr31 V ll 23rl & = f «2«1«2[op'", , '(rl r2})'[V13(ri, r3}+V23(r2, r3}) X [5(rlrl )5(rzrz) -6" '(r'l, rz, rl, rz)]g"'"' (rz, r3) .
The interaction for the reverse process is obtained by complex conjugation. (e} Three-particle scattering. The interaction for three-particle scattering is given by X[5(r3 -r3')b&'"'(rl, rz, rl, rz')b, '(rz', r3', rz, r3)+5(r3 -r3')b, '(rz, r3, rz', r3'}bz' '(rl, rz', rl, rz)] -f dr&'dr, "'dr&"b '(rl, rz, rl"rz")[ V13(rl",r3)+ V23(12 13)]b, '(ri", rz". , r'l, rz')b, '(rz', r3, rz, r3) -f drzdri"dr&'b, '(rz, r3, rz'"r3)b, '(rl, rz','rl", rz")[V13(I1 13}+V23(12 r3)]h '(r, "', rz", r'"rz) g J drz'dr3'dr&"b '(rz, r3 lz 13) »2 X [ V13(rl, r3')+ V23(rz, r3')+ V13(rl, r3')+ V23(rz', r3')+@@' ']
Xb"", (ri, r2, r'i, r2 )4 (rz",r3', r2, rj) + J «z'dr3'dr&'dr&"dr2'"& '(r2, r3 rz r3')& ' (ri, rz', r;",rz") x [ Vi3(rI~r 3 )+ &23(I2 13~)]4 (I2 r3 12 r3) 
The only P~d ependence of the integrand comes from the p it& term which is expanded in terms of trigonometric functions of angles P~, H&, and Hk, with reference to Fig.  3 . Noting that the integrand is of the form (A +8ccNaI)z), where '2 256' &r ( p+qz ) I is, ?pm(p+q2) = (9+4 I p+qz I ) Fi (Qs+q, ) . 8 =2 m pk;sinH&sinHk. , the integral is evaluated analytically22 to give 4 (83b) (81c) In Eq. (5.6) the integral of the initial-state wave function over the coordinate Pz, for the 1 s initial state (JM = ls), is explicitly written as I=4v 2 m)+m2 A (g 2 g2)3/2 (84)
The angle Hi, , in Eq. (83) is related to the scattering angle
